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Abstract 

In this paper we construct the generalized Kodama state for the 
case of a Klein-Gordon scalar held coupled to Ashtekar variables in 
isotropic minisuperspace by a new method. The criterion for hniteness 
of the state stems from a minisuperspace reduction of the quantized 
full theory, rather than the conventional techniques of reduction prior 
to quantization. We then provide a possible route to the reproduction 
of a semiclassical limit via these states. This is the result of a new prin- 
ciple of the semiclassical-quantum correspondence (SQC), introduced 
in the first paper in this series. Lastly, we examine the solution to 
the minisuperspace case at the semiclassical level for an isotropic CDJ 
matrix neglecting any quantum corrections and examine some of the 
implications in relation to results from previous authors on semiclas- 
sical orbits of spacetime, including inflation. It is suggested that the 
application of nonperturbative quantum gravity, by way of the SQC, 
might potentially lead to some predictions testable below the Planck 
scale. 
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1 Introduction: Reduction to minisuperspace 



In [1] we provided a new method for constructing finite states of quantum 
gravity. The underlying premise is that in order to canonically quantize 
a general theory in congruity with the axioms of quantum field theory, as 
a bare minimum all of the canonical commutation relations defining the 
field theory must be exhaustively and consistently applied. There are some 
additional conditions which we will not go into in this work but ultimately, 
reproduction of a good semiclassical limit might serve as a possible check on 
the viability of any method. Our main focus here, as in [1], is the exhaustive 
application of the canonical commutation relations as well as to present some 
possible routes toward observational verification of the semiclassical limit. 

The commutation relations of any quantum field theory must be de- 
fined, in the 3 + 1 description, with respect to each spatial hypersurface 
E t labeled by time t for to < t < T. In the case of gravity, the arena for 
quantization is the configuration space of Ashtekar connections and matter 
fields r = (A?,<fr a ) living on a three-dimensional hypersurface Ef within a 
four-dimensional manifold M = £ (g> R. The nontrivial commutation rela- 
tions [af,Aj], [tt,4>] applied at the same point induce quantum singularities 
which by the semiclassical-quantum correspondence were made in [1] to 
vanish, producing a unique quantum state out of a two-parameter family of 
WKB solutions. This is a nontrivial condition which contains physical con- 
tent. The trivial commutation relations [af , ir] established the mixed partials 
condition, also with nontrivial physical content as it provides a functional 
boundary condition on the semiclassical matter mometum labeling the gen- 
eralized Kodama state, which in this paper we will denote by the function 
/ = f(<fi). The remaining trivial relations \af,4>] and [vr,ylf] are also rich 
in physical content since they allowed for the explicit construction of the 
wavefunction by way of a new functional calculus, exploiting the dynamical 
independence of the variables. 

These results were presented in [1] for the full theory. A fundamental 
question in the quantization of gravity is whether the process of quantization 
and minisuperspace reduction commute. We claim that one must reduce 
the fully quantized theory in order to obtain correct results rather than 
the opposite since, in the former case full use is made by our method of 
all the aformentioned canonical commutation relations with their associated 
physical content. It suffices to reduce the equations qo = q\ = qi = derived 
in [1] in order to meet these requirements for minisuperspace. 

We illustrate in this paper as a simple example the solution of the con- 
straints under symmetry reduction and the construction of the correspond- 
ing generalized Kodama state in the presence of a homogeneous Klein- 
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Gordon scalar field in isotropic minisuperspace. The first four sections are 
devoted to reducing the conditions derived in [1] from quantization of the full 
theory into minisuperspace, starting with the kinematic constraints and then 
considering the mixed partials condition and the Hamiltonian constraint. In 
the minisuperspace case the kinematic constraints become trivialized leaving 
just the Hamiltonian constraint, which we explicitly solve for the ingredi- 
ents necessary to construct the generalized Kodama state. We construct the 
state and provide a physical interpretation. The purpose is to demonstrate, 
starting with the simplest nontrivial example, some features of relevance to 
the full theory as well as to indicate a possible route toward observational 
verification of the semiclassical limit prior to moving on to more complicated 
examples. 

In the last section we treat the solution of the Hamiltonian constraint at 
just the semiclassical level and analyse the semiclassical orbits of the corre- 
sponding spacetime. We obtain some intuition on the effects of inflation due 
to the presence of the Klein-Gordon field. The net result is a field-dependent 
cosmological constant which plays the role of the CD J matrix. The entering 
assumption in this case and in the full theory, as for all generalized Kodama 
states, is nondegeneracy of the Ashtekar magnetic field. 

For this work, all definitions and conventions are used in accordance with 
[1] as applied to minisuperspace. 



2 Kinematic constraints in minisuperspace 

The CDJ matrix, though spatially homogeneous in minisuperspace, must 
still satisfy the kinematic constraints of general relativity in the Ashtekar 
variables as a necessary condition for completeness of the quantization pro- 
cedure. Starting with Gauss' law [1], 

B*A*ae = diV ae + f a6c \f < ce + f ebc ^ ae ) = GQ a . (1) 

We will make repeated use of the following identities regarding the Ashtekar 
magnetic field 

Bl = &*Ff k = & k (djA% + \f edf A d 3 A{) = &%A% + ^ k e edf A^A{ 

= e tjh djA e k + (A'^ldetA = (A^f^etA in minisuperspace. (2) 

Making use of (2) and the identity 

B i e A b i = A\e ijk djA% + det A(A~ 1 ) i e A b i = 5 b e detA in minisuperspace. (3) 
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One has, simplifying Gauss' law in (1) 



B*A*oe = det AlfaUA-'tA^ce + f^A^A^oe] 

= detA [f abc 8 b e y ce + f ebc 8 b e V ac = detA [f aec ^> ce + / eec *ae] • (4) 

The last term on the last line of (4) vanishes due to antisymmetry of the 
structure constants f a b c , and we are left with 

B*A*ae = faec^ce = GQ a . (5) 

Equation (5) is a statement that the antisymmetric part of the CD J matrix 
in minisuperspace is determined by the SU(2)- charge. 

There are two implications concerning this: (i) Only for a matter field 
transforming nontrivially under SU(2)- will (5) yield a nontrivial right hand 
side. This includes fermions and excludes Klein-Gordon scalars. (ii) Recall 
that the antisymmetric part of the CDJ matrix also is in general determined 
by the matter contribution to the diffeomorphism constraint [2] 



mHi {A~ l f,Hi 
edae^dae = G ^„ = G — — — — in minisuper space. (6) 
det-B detA 

This implies a relationship between the matter contribution to the diffeo- 
morphism constraint and the Gauss' law constraint, given by 



Hi = AfQ a ^Q a = (A~ 1 ) i a H i (7) 

Equation (7) highlights a kind of duality between SU(2) gauge transforma- 
tions and diffeomorphisms. Note that the connection Af must be nondegen- 
erate in order for this to be the case. This is equivalent to the requirement 
that the magnetic field B % a be nondegenerate, and is so due to the pres- 
ence of the matter field and the one-to-one map from Af to B l a (3). The 
corresponding relationship in the full theory is given by 



Hi = irM" + AfQ a (8) 



2.1 The Klein Gordon scalar field in minisuperspace 

In the case of the Klein-Gordon scalar field, we have Q a = 0. Due to the 
relation (7), this implies that A = 0. In other words, for the Klein-Gordon 
model, the Gauss' law and diffeomorphism constraints are not independent. 
Since there are nine CDJ matrix elements ^> a e, the number of degrees of 
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freedom reduces from nine to six upon application of the six kinematic con- 
straints. This leaves six degrees of freedom for the quantized Hamiltonian 
constraint (qo = Qi = Q2 = 0) which upon solution leaves three CDJ matrix 
elements freely specifiable. Hence, for the minisuperspace Klein-Gordon 
scalar model, three degrees of freedom are freely specifiable after solving all 
of the quantum constraints. This is in contrast with the full theory. In this 
case the diffeomorphisms are independent of the gauge transformations due 
to the spatial gradient term in (8). 
For Q a = 0, (5) reads 



B* A*oe = faec^ce = 0. (9) 

This is a statement that the antisymmetric part of the CDJ matrix is zero, 
or that the CDJ matrix is symmetric. Note that this is consistent with min- 
isuperspace, as the scalar field contribution to the diffeomorphism constraint 
also vanishes. The CDJ matrix can then be parametrized by 



$ a6 = O ac (9)D cd Ol(6) (10) 

where in (10), 6 is a set of three S77(2)_ rotation angles and D C( i is a diagonal 
matrix derivable from the CDJ matrix by orthogonal transformation. We 
shall pick 6 = for simplicity. This corresponds to eliminating the shear 
components of the CDJ matrix, leaving just the anisotropy components to 
be solved for. This is in a sense the same as fixing a gauge. Note that in 
the full theory there is no such freedom in the solution, which highlights an 
important difference from minisuperspace. So we shall set 



$23 = $32 = 0; $13 = $31 = 0; $12 = $21 = 0. (11) 



3 Mixed partials consistency condition 

A consistency condition on the solution of the constraints is the mixed par- 
tials condition which requires trivial canonical commutations between the 
matter and gravitation quantized conjugate momenta, given by 



nG—— = -ihB e ——. (12) 
dAf d(p 

Let us examine the restrictions upon Af imposed by a diagonal CDJ matrix. 
Writing out the individual components 
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dn _ i Di fflfu dir __i ,5*22 On _ i pj 9* 33 



d^ 1 " G dcf) 1 dA 2 G 2 dfi 1 dAf ~ G dcf) 
In minisuperspace (4) translates into 



dAj ~ G lAl[A h 80 ' 



dA\ G lv d<p ' 

* >U-% 9 -^ 04) 



8Af G lv ^ 30 

Making use of the nondegeneracy of Af, contract (14) by A\ to yield the 
following condition 



dAj - 


~G^ dj> ' 


A k dvr 




dAj - 


A k 9tt _ 
l 9Al~ 


G 1 ^ 3 d<f> 



(15) 



Writing out (15) in individual components we have, for k = 1, 



A dA} ~ G lAldl dcp ' 

•alf = 0; 

4^ = o do) 

Looking for example at the middle term in (16), One has two possibilities: 



dir 

A 2 arbitrary; = ® 



(17) 



Applying the analogous criterion to the counterparts to (15) 
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A 2 —-0- A 2 —--Ua\^- A 2 —-0 

A 3 —-0- A 3 —-0- A 3 —--Ua\^ (18) 

Equations (16) and (18) state that the matter conjugate momentum tt is 
independent of six directions in connection space. Therefore it depends 
upon three independent directions A\ = a±, A?, = a-i, A\ = a^. A diagonal 
CD J matrix ^ ae in minisuperspace implies a diagonal connection A^. Using 
\A\ = 010203 and making the definition aj = exp(£j) for 2 = 1,2, 3, one can 
write the mixed partials condition as 



^ = -G eXp[ei+6 + e3] ^ ; 
^ = -^exp[e 1+ 6 + e 3 ]^; Ws = -^expfc + 6 + &]-^- (19) 

Note that if ai = a2 = 03, then it follows that $n = ^22 = *33 to within 
some arbitrary functions fi = fi(a) of a for i = 1,2,3. Hence, an isotropic 
CDJ matrix fixes the connection to be isotropic, and vice versa. Note that 
this condition is unique to minisuperspace and not the full theory. 



4 Reduction of the quantum constraints 

Now that we have dealt with the diffeomorphism and Gauss' law constraints 
by fixing a gauge in which the CDJ matrix is diagonal as well as the connec- 
tion A®, we will attempt to solve the Hamiltonian constraint and construct 
the corresponding generalized Kodama state *$>GKod[A, (f)]. In this work we 
are performing minisuperspace reduction after quantization. In the minisu- 
perspace approximation we have Tij = 0. The kinematic contribution to 
the quantized constraints can be eliminated and the remaining constraints 
reduce to the system 



abc 



d 
dA? 



B k c B^be + 



detS(GFdet* + Var^) + 
4 



-B«BjV ce y bf 



7T 

y 

i dir 
2G~d4> 



0; 
0; 



CV Ft f) 

— ^dA^ keabCB ^ ce) + 36 = ° (20) 
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subject to the condition that the CDJ matrix ^ ae is diagonal. In (20) we 
have appended a factor of G to the self-interaction potential V. Since the 
mass dimensions are [G] = — 2 and [V] = 4, the quantity GV is of the same 
mass dimension of the cosmological constant [A = 2], the contribution of 
which can be deemed already included (as in V — > V + ^). We will further 
simplify the system (20) to the case of an isotropic conection Af = Sfa, 
where a = a(t) is a function only of time. 

4.1 Isotropic connection 

We now consider the individual terms. Starting with the semiclassical term 
we have det-B = \A\ 2 . Moving on the the term first order in singularity we 
have 

Zijke abc D k jBiy ae = e t , k e abc e k ^e cbd AfB^ ae 
(-25l)(-26 a d )AfBiy ae = AC a e ^ a e = 4(<5> 3 )* ae = 4a 3 tr* (21) 

continuing on, we have 

e ijk e abc B k c B^ be = e abc \B\ (B'^f e dec V be 
= {S a A - S a e 5 b )\A\ 2 Af\A\-^ be = \A\{S b e A° - 5 a e A b )^ be (22) 

With a homogeneous and isotropic connection (22) yields 

\A\ (5 b e A« - 5 a e A b )* be = a*(5 b e 5? - 5 a J b )* be = a A {5^ - * ia ) (23) 
Also, we have 

e abc e ijk B j f B*y ce V bf = e^B^B' 1 )^^ ce * 6/ 
= lA^Ar'Afe^eafe^^f = \A\Afe abc e dfe t> ce ^ bf . (24) 

With a homogeneous and isotropic connection (24) yields 

\A\Afe abc e dfe * ce * bf = a A e abc e ife * ce * bf (25) 

So using (21), (23) and (25), the system (20) for the case of a homogeneous, 
isotropic connection yields 

2 2 

det£(GVdet1' + Var^) + — = \A\ 2 (GVdet® + Var^) + — (26) 
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for the semiclassical term, 



nbc r\kj T ryi . abc 
CijkC L> cb ^aeD e + €ijke 



d 
dA? 



V 



4a 3 tr^ + 4^- . 

a da V 



B«Bl* be + -B!!B}y ce y bf 
V 



a 4 (5?tri£ - * ia ) + -a 4 e abc e ife y ce y bf 



4a d tr\I> + — 



2a 4 tr* + —a 4 Var^ 
4 



i dn 

i dir 
2G80 

— (27) 



for the term first-order in singularity, and 



= —^Xie^lMA- 1 )^^) + 36 = — — 2 (a 2 tr*) + 36 = (28) 
for the term second-order in singularity, the functional 'Laplacian' term. 



4.2 Solution of the system 

We can now solve the system (20) for the homogeneous isotropic connection 
scenario. Integrating the 'functional Laplacian' equation (28), we can solve 
directly for tr* to obtain 



54 bi(6) b 2 (yi 

tr * = "7777 + 2 ^ + ~~^T~ 29 

GV a a z 



where b\ and b 2 are 'constants' of integration with respect to a, which are 
in general functions of the matter field <fi. Prior to substitution into (27) 
we invoke the mixed partials condition in order to eliminate the matter 
momentum n from the system. 



^ 1 Bl 8 -^. (30) 



dAf G 

For a homogeneous and isotropic connection this reads 



6a 8a ~ G a 36 ■ [6L) 



Taking the trace of (31), this yields 
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— — = -a 2 — trf 32 

da 3G d(j) v ' 



which, upon integration with respect to a yields 



71 = ~icl da a2 ^ tr * (33) 

where /(</>) is an arbitrary function of the matter field <j>, which acts as a 
'constant' of integration with respect to well functional boundary 
condition on the semiclassical matter momentum. The function / can be 
thought of as the matter momentum of the quantum state in the absence of 
gravitational interaction. Substituting (29) into (33), we obtain that 



7T 



7r(a,0) = /(</>) + 



54- 



V 



3G L GV 2 



(34) 



where a prime denotes differentiation with respect to the matter field eft. This 
expression for the matter momentum can be substituted into the original 
system to solve for the invariants Var^ and det^, which can in turn be 
used to solve for the CDJ matrix elements. But as we shall see this is not 
required in order to determine the generalized Kodama state ^cKod f° r the 
homogeneous and isotropic case. 



4.3 Determination of the generalized Kodama state. 

To determine the generalized Kodama state we must evaluate 

/ = ^[(hGr^^BlAi + 1 -tt4>) (35) 
for the case of the homogeneous and isotropic connection. This yields 

I = l 3 J dt({hG)- l aahr^ + ^n^j (36) 

where I is the characteristic length scale of the spatial manifold S compris- 
ing the universe, making use of minisuperspace. This leaves remaining an 
integral over time. Making use of the relations dta = da and dtcj) = deft 
and the fact that the connection a and the matter field <j) are independent 
dynamic variables, this allows us to deparametrize in accordance with the 
arguments presented in appendix A and section 11 of [1] any detailed time 
dependence of the state. 
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I = l 3 J ((HGyUa a 2 trtf + ^-vr#) (37) 

where now the integral is over the functional space of fields. This circumvents 
the problem of time in that the state is transparent to the mechanism of its 
evolution from an initial to a final hypersurface. There are two contributions 
to (37). First there is the gravitational sector contribution, given by 

J (HG^da a 2 tr* = (hG 2 )^ 1 J da a 2 (-^ + ^ + ^) 

= (hG'y^-ya 3 + h^a 2 + b 2 {cp)a). (38) 
Then there is a contribution form the matter sector, given by 



(39) 



So overall, the generalized Kodama state is given by 



7T 2 



r ~WW) m 

as may be compared to [3]. In this case we have for the matter sector 



r?7 f i r47 / 18 1 \i 

VGKodM] =exp[y J #/(^)Jexp[— (hG^-^-ya 3 + -h^a 2 + b 2 (<f>)aj\(40) 

Equation (40) is the solution to the quantized Hamiltonian constraint from 
the vantage point of minisuperspace reduction after quantization. It con- 
tains three main degrees of freedom relative to the pure Kodama state for 
the corresponding model devoid of the matter field. There are the two 'con- 
stants' of integration b\ and b 2 , which can be chosen judiciously to enforce 
certain desirable properties upon the norm of ^GKod- For example, it may 
be desirable for the wavefunction of the universe to not have support for 
trivial and/or infinite values of the connection. Such criteria fix the val- 
ues and signs of these functions. The third main degree of freedom is in 
the function /(</>). This essentially determines a basis of eigenfunctions in 
which to expand the matter momentum. For example, in the slow-roll basis 
one may impose the restriction that the matter sector of the generalized Ko- 
dama state be expressible in terms of eigenvalues of the slow-roll parameter 
r, such that 
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U ^ = [ F V2 # = ™^ V W {(f))j (42) 

n J M n J 6n 

where the value of 4> is evaluated on the final hypersurface. This as well high- 
lights the noncommutativity of functional integration with time integration, 
a property which we argue here and in [1] extends to the full theory. 



4.4 Physical interpretation of the generalized Kodama states 

To see the connection between these results and the formalism set up in [1], 
it will be instructive to analyze some mechanisms by which the existence of 
generalized Kodama states may possibly manifest themselves in an appropri- 
ate semiclassical limit. Assume, for a toy model, that the matter content of 
the observational universe that we live in today is governed in the observable 
limit by the laws of quantum field theory on Minkowski spacetime. In this 
description, the effects of the perturbative regime of quantized gravity in 
metric variables are very weak so as to be negligible in the effective theories 
at existing accelerator energy scales [4], [5]. But we argue for the possiblity 
that the nonperturbative effects of quantum gravity could produce clearly 
distinguishable effects, even in the semiclassical limit. 

It appears naively in (40) that there are no restrictions on /(</>), which 
is a direct result of the nonperturbative canonical quantization procedure 
outlined in [1] and V{4>), a (naively) freely specifiable input from the matter 
sector into the process. However, one can acquire a physical interpreta- 
tion for how these functional parameters of the field <j) may be related by 
considering the semiclassical limit. If one makes the definition 



e ; (0)= f*d<pf(<p) (43) 

J<t>o 

then one can write the generalized Kodama state (40), taking b\ = hi = 
for simplicity, as 



*GKo df [a,<P] = e ^%Wexp[-24/ 3 (^ 2 )- 1 (^) 



(44) 



Equation (44) consists of a gravitational sector and a matter sector labeled 
by the function /. For a physical interpretation of the relationship between 
Qf and V it is instructive to consider the limit a — > 0. Configurations for 
which a = correspond to a degenerate B l a , which are not allowed when 
coupling quantum gravity to matter fields by our method [1]. This can 
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be seen from the first equation of (20), which applied in the case of the 
homogeneous isotropic connection a, yields 



Var^ + GVdet* = — ^ . (45) 
cr 

Since det-B = a 2 in this case, one must either (i) require Jlo = 0, which means 
that any matter fields 4> must as well vanish in this limit, or (ii) realize that 
the method is being applied beyond its realm of validity and provide some 
observational input from physics to cover this case. Taking a = in (44) 
collapses the generalized Kodama state into just the matter contribution, 
which can be interpreted in this case as ^ GKod m the absence of gravity So 
the fundamentally relevant question then becomes what physics determines 
the wavefunction of the universe in this case. 

If one assumes that the governing laws of the universe in the absence of 
gravity are dictated by quantum field theory on Minkowski spacetime, then 
one can interpret in (43) as the phase of the corresponding wavefunc- 
tion in Minkowski spacetime. Of course, as long as there is matter content 
in the universe, there should be gravity by virtue of the Einstein's equa- 
tions. Hence there should always by definition exist a backreaction between 
the matter and the gravitational sectors in a viable description. In the toy 
model considered in this paper, the governing equation in the gravity-free 
limit would be the Schrodinger equation for the Klein-Gordon field in min- 
isuperspace. This arises from the Hamiltonian H mat ter = vr 2 /2 + V(cf>). The 
corresponding Schrodinger equation is given by 



(46) 



where E is the energy eigenvalue of the state. Equation (46) can be solved 
exactly for the eigenstates of the system in a few cases. The important point 
is that when one makes the identification 



X (0) = e fe/W (47) 

then the relationship between and V in (44) is fixed by imposition of the 
proper semiclassical limit. From this perspective ^GKod provides a wave- 
function for the universe that exhibits a definite semiclassical limit both (i) 
for pure gravity with A term in the absence of matter 1 , and (ii) for pure 
matter in the absence of gravity 2 . This applies to the full theory as well as 
to minisuperspace, irrespective of the matter model being considered. 

1> £ ' Rod corresponding to DeSitter spacetime [6], [7] 
X corresponding to quantum field theory on Minkowski spacetime 
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One solves (46) for the orthonormal eigenstates of the system. Therefore 
the generalized Kodama state ^ Rod acquires the label of these eigenstates. 
The crux of the phenomenological applications of our method is that one 
first assesses whether the matter sector is in the Lorentzian (classical) region 
of configuration space (0 real) or the Euclidean region (tunneling) region 
(0 imaginary). The full-blown ^GKod then extrapolates this semiclassical 
input to the regime a ^ which corresponds to the presence of quantized 
gravity coupled to the quantized matter fields. Note that although the 
eigenstates Xn may be orthogonal in the gravity- free case (a = 0), they in 
general will not be orthonormal within the complete ^ Kod for a / due 
to the (ft dependence of V((f>) which acts as a cosmological constant for the 
gravitational sector. This might lead to experimentally observable effects 
that our model can distinguish 3 . 

For example, for a massive Klein-Gordon field V = (l/2)m 2 <p 2 . Equa- 
tion (46) corresponds to a simple harmonic oscillator of 'unit' frequency. 
The eigenstates form an orthonormal basis in Minkowski spacetime, but 
lead to a ^GKod-, assuming that the cosmological constant is due entirely to 
the presence of the matter field and defining p = ^mP/hcf), of 



*GKod n (a, P ) = ^=^„(p)e-^ex P r-48Z 6 (/ l 2 G 2 m)- 1 (yj. (48) 
v '2 n n! L V P /J 

Equation (48) corresponds to a tunneling matter sector coupled to gravity. 
Note in (48) that ^>GKod n vanishes for = 0. In order to produce the correct 
semiclassical limit of DeSitter spacetime for <p = 0, one must augment the 
matter potential by the cosmological constant A as in V{<p) = ^ + (m/2)(p 2 . 
This provides some input from the gravitational into the nongravitational 
sector which is directly observable 4 , which one can see by substituting the 
new potential V into (46). The governing equation for the nongravitational 
limit of quantum field theory on Minkowski spacetime then inherits the 
parameter A/G from quantum gravity, which affects the eigenstates Xn and 
their energy eigenvalues: thus even in the absence of gravity, there is gravity! 

For the more general case it may not be possible to solve (46) exactly, 
but one may use the WKB approximation to any desired order obtain the 
semiclassical limit for the matter sector. For example, the first-order ap- 
proximation to ^GKod would be given by 



* G ^(a,0)~eH>v^^ exp 



-24^)-^) 



(49) 



3 For example transitions between quantum states \ n that are shown to be forbidden 
in the Minkowski limit of spacetime 

4 There is vast cosmological evidence that points to a small but positive A [8] . 
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Equation (49) clearly shows how / and can be constrained. There are 
additional constraints on these functions based on considerations of nor- 
malizability of ^GKodi as we U as theoretical and observational evidence for 
classical versus tunneling configurations which it would be interesting to 
illustrate. We will save such considerations for future work. 



5 Semiclassical solution to the Hamiltonian con- 
straint 

We now show a novel method for solving the Hamiltonian constraint at the 
semiclassical level, in order to provide some more results. We expect from 
paper one that there is an infinite two-parameter family of solutions, when 
account is not taken of the equations q\ = qi = arising from the quantum 
terms. We will consider a subset of this two-parameter family, namley the 
case of a homogeneous and isotropic CD J matrix ^> a e- The difference from 
the case considered above is that now the invariants of the CD J matrix, tr\I>, 
Varty and det\I/ are no longer independent variables to be solved for. These 
are determined by tr*. 

When quantum gravity in Ashtekar variables with cosmological constant 
A is coupled to matter fields, an interesting effect happens. The SQC re- 
mains intact for the kinematic constraints due to the fact that the kinetic 
terms of the matter fields are generally no higher than second-order in mat- 
ter momenta, and the corresponding Lie algebra of constraints still closes on 
these constraints [9] . So the problematic constraint is the dynamic one, the 
Hamiltonian constraint. The Hamiltonian constraint is what distinguishes 
one diffeomorphism-gauge invariant theory from another, and leads to an 
ambiguity amongst quantum theories of gravity arising from the same clas- 
sical theory. 

Revisiting the case of a Klein-Gordon scalar field <p with self-interaction 
potential V(</>) and conjugate momentum tt. The classical Hamiltonian con- 
straint reads [10] 



H = e abc e ijk a^ b B k c + \^ k a\^ h a k c V {4>) + ^vr 2 + ^a^d^drf = 0. 

(50) 

Making use of the identity 

6det5 " l! (51j 

2 

we multiply the \ term of (50) by 1 in this form and rewrite the semiclassical 
part of the Hamiltonian constraint in the form 
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(52) 



(53) 



and Sff is symmetric in its indices, given by 



(54) 



A possible nontrivial solution for nonzero a l a is to require Afj = and Sfj = 
V i,j,a,b, which is the condition that the symmetric and antisymmetric 
parts of a vanishing tensor must separately vanish. This Ansatz can be 
motivated by analogy to the pure gravity case, for which there is no Sfj. 
The condition Sfj = would imply that d{(f) = Vi. This may appear to be 
restrictive, but let us nevertheless proceed as though Sfj can be neglected 
and examine the consequences. 

So we must have Af- = 0. A nontrivial solution, in direct analogy to the 
steps leading to the pure Kodama state, is that 



Taking the determinant of both sides of (55) and rearranging, we have 



which is a cubic equation in deter. We illustrate in detail the method of 
closed-form solution in the appendix, for completeness. The polynomial 
structure of the constraints expressed in the Ashtekar variables is the major 
simplification of general relativity which makes this possible. Note that the 
existence of a meaningful solution rests on the nondegeneracy of the spatial 
3-metric (deter ^ 0). The restriction to nondegenerate 3- metrics hij when 
matter is included may perhaps be interpreted as the requirement that the 
signature of the metric be fixed. 

A solution to (56) upon substitution back into (55) leads to the condition 



which can be interpreted as a 'generalized' self-duality relation of the Ashtekar 
electric to magnetic field, with a generalized field-dependent 'cosmological 
constant' A e /j, given by 




(55) 




(56) 



a i a (x) = -(A eff )- 1 B i a (x) Vx, 



(57) 




(^)-sinh [ ( 1 /3)sinh-^(^) 1/2 )] . (58) 
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This is analogous to the phenomenon of dispersion in Maxwell theory for 
electromagnetic waves propagating in a material medium. Due to the pres- 
ence of the matter field the Ashtekar electric field has become distorted from 
its pure gravity value a l a = —6A~ 1 B t a , or alternatively, rescaled itself in an 
attempt to restore a broken semiclassical-quantum correspondence, broken 
due to the presence of the inhomogeneous matter terms. 



6 Semiclassical orbits of spacetime 

Let us examine the semiclassical orbits of the spacetime resulting from the 
constraint. We will use the minisuperspace approximation for simplicity, 
but nevertheless should be able to derive some nonperturbative analytical 
information from the solution to the constraint. We would like to determine 
possible nonperturbative effects upon the mechanisms of inflation. It is 
known that the pure Kodama state possesses as one of its semiclassical orbits 
the deSitter spacetime [6], which corresponds to an exponentially inflating 
universe with metric 

ds 2 = dt 2 + e'^ t 5 ij dx i dx j . (59) 

We would like to determine what type of spacetimes the generalized 
Kodama semiclassical state predicts. In the case when the matter field is 
a Klein-Gordon scalar field we should hope to attain a closer analysis of 
inflation which can be compared with observational data. Starting from the 
Hamiltonian in the zero shift (N l = 0) gauge, for simplicity, 

H = J iN{e abc e l]k aloiB k c + \e abc e ijk a^ b a k V{4>) + ^vr 2 ), (60) 
we can write the Hamiltonian equations of motion. 

Z\ = -ij lm D l (N{teta)$- 1 ) c m )5 ac 

(f) = 7T 

7T = iNV'deta (61) 

where V = (dV/d<j>). We will use an isotropic spatially homogeneous, imag- 
inary connection as in [6], hence 

A a i =if{t)5«-^Bi = -f\t)5l (62) 
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where f(t) is a spatially homogeneous function of time. We now apply the 
generalized self-duality condition arising from the Hamiltonian constraint 
< = -(Ae//)" 1 ^, using 



A 



eff 



1/3 



iVn 
8p 



4 (_) smh[(1/3 )s 1 nh-'( ¥ (_) )] 

(63) 



We will also need the relations 



Bl 



<Jn = 



_> det<7 = ^» ( 6 4) 

A eff A eff ( A e//) d 

We also make the observation as in [6] that since TV is a scalar density it 
goes as det _1 / 2 £r oc / _3 (A e jj) 3//2 . Numerical constants and such factors of 
i can always be absorbed into the definition of N_. Substituting into the 
equations of motion we have, for / 



/ = 



We perform some algebraic manipulations to put it into the form 



f = fW 



A 



eff 



So we have, for the Ashtekar connection, 



in/ = 2^008 
at 

where we have defined 



2 \k c „. 



a 



-1/2 



«f3 • 



(65) 



(66) 



(67) 



(68) 



The following relations will be useful in nonperturbatively deducing the 
dynamics for various regimes of curvature. 

linwo (ZiZ^)) = l ; ta_(^)pa)-*»~a-V. (69) 
where we have defined the Tchebyshev polynomial 



T 1/3 (x) = -sinh[(l/3)sinh _1 : 



(70) 



Note that a — > corresponds to an infinite curvature singularity, cov- 
ering perhaps the initial stages of the universe starting from the big bang 



17 



scenario and that a — ► oo corresponds to degenerate curvature, perhaps 
closer to the universe of today (nearly flat spacetime). 

Deriving the equation of motion for the scalar field (j), we have 



dt 2 ' 
Or we have 



= i 



/6 y/2dV 



d 2 / 



-if 



a 



T 1/3 (a) 



a. 



a)) 



- 3/2 v ~3/2dV 



-3/2 



# AT 1/3 (c 

This can also be written, multiplying both sides of (72) by <j), 
d,K 2 x „.„*/dW\/ a \-3/2 



<L(1 )- 2if 3 ( dVV )( - 

dt K 2> J V dt J\T 1/3 (a) 



(71) 



(72) 



(73) 



Rewriting the equations of motion, for completeness, we have the two 
simultaneous classical equations of motion for the Ashtekar /Klein-Gordon 
minisuperspace model, linked by A e ff as determined by the Hamiltonian 
constraint, 



in/ = 2VTcos 
dt 



2 V 2a 



d 2 / 



dVV 



a 



Ti/2, (<*) 



The equation of motion for / can be integrated to yield 

^ 'T 1/3 (ay 



1 

f(t) = /(0)exp[ / dt 2v / V 7 cos[-ln(- 
'to 12 v 



2a 



-3/2 



(74) 



(75) 



and substituted into the second equation of motion to determine the evo- 
lution of the scalar field <fi, and also used to determine the evolution of the 
spatial 3-metric via the identification 



h % 3 = det^aalal 



A 



eff 



P 



8 13 . 



(76) 



We are now ready to examine some regimes of interest. 



6.1 First regime: Big bang singularity 

In this regime we have (det-B — > oo) such that A e ff 
evolution 



^ and the resulting 



f{t) = /(O)exp 



t 

k I dt 

to 



(77) 
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where k = 2cos(ln\/6), which leads to a spacetime 3- metric 



ft 

^6det 1/3 B 

where Bq is the value of the Ashtekar curvature at the singularity at t = 0. 



h'i = - ( ^r^exp [- 2k [ dtW]) S ij , (78) 



-t 

Comparing this with eV 3 from ref[6] one may naively conclude that this 
is an exponentially decaying rather than inflating spacetime. However, the 
factor of V multiplying the exponential in (78) causes an initial expansion 
for increasing positive V, which then begins recontraction at some critical 
time. Whichever phase we are in today, if this is an accurate model, would 
have to be prior to that critical time. Note that the negative sign on hij 
would imply a Lorentzian signature for that spacetime. 

However, if we make the replacement y/V — ► — x/V which amounts to 
taking the negative vice positive square root corresponding to V 1 / 2 = ±y/V, 
then we do get an exponentially inflating universe of Euclidean signature, 
inflating faster than the exponential rate. The main result from this analysis 
is that whether or not the universe underwent a period of inflation fixes the 
signature of the spacetime. To ascertain how the initial period of inflation 
progresses we must examine the equation of motion for 0. Note, also, that 
for negative potentials V(<f>) the metric exhibits oscillatory behavior with 
Euclidean signature. The equation of motion for <f> is 



^ = -2*(3)- 3 / 2 (^)exp[3fc fdt W] (79) 
dt 2 \ d<j) J L J tQ J 

This can be examined for various forms of the potential. For instance, for 
a mass squared term V{4>) = ^m 2 ^ 2 this yields, upon taking the logarithm 
and differentiating with respect to t, the equation 

d 3 , 3km , d 2 , 

5»*-VI*5J* (80) 

which can be solved, if necessary, by numerical methods or even by Taylor 
expansion by taking repeated derivatives. This should be the case for any 
potential V(4>). Using a power series Ansatz of the form <fi(t) = do + a\t + 
a2t 2j t-aot 3 + ..., to find the short time behavior close to the initial singularity, 
it suffices to know the initial field ao = 0(0), its initial velocity a\ = 7r(0) and 
its initial acceleration 02 = 7r(0) to find the next important term, yielding 

<f>(t) = a + ait + a 2 t 2 + -^La 2 (ag + ai)t 3 + ... (81) 

4v 2 

for a potential of the form V((f>) = the differential equation becomes 
^ 0= \/l (2<A + 3A;03) ^ (82) 
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with a power series solution, at short times, of 



4>(t) = a + ait + a 2 t 2 + \J^a 2 (^a 1 aQ 1 + agfc)i 3 + ... (83) 

It would be an interesting exercise to compare different potentials in the 
3rd-order term of the expansion for within short times (the Planck time or 
before) of the singularity, assuming there was a big bang scenario, to obtain 
any experimentally verifiable effects delineating qualitative behavior of the 
resulting spacetime. 



6.2 Second regime: Region of possible signature change 

This is the opposite extreme (det-B — > 0). In this limit we have ^- e ff ~^ 0, 
but we would like to capture the specific functional dependence in order to 
make some meaningful predictions. In this regime we have 



A, 



/7T 2 \- 1 /3 „ . /7T 2 \ 1 /3 . 

or that the metric depends not upon the curvature, but upon a ratio r = 
(7t 2 /V), the ratio of the Klein-Gordon field kinetic energy to its potential 
energy. This is known as the slow-roll parameter, which by [3] is a measure 
of the departure of the dynamics from inflation. The three-metric is then 
given or is constant in time for all configurations with the 

same value of r. So in other words, if the spatial 3- metric for the regime that 
we live in today does not change in time, then we must be in a configuration 
of balance between the scalar field kinetic and potential energy, which would 
mean that they are both constant. Using n = <j), the equations of motion 
become 

^/ = 2v^cos[(l/2)ln(l/2)*(^)- 2 / 3 / 2 ] (85) 



dt 



and 



d 2 , , s /iF7r\2/3 (d\/V\ . . 

_^ = -2« / 3(_) (_). ( 86 ) 

The equation for <p can be rewritten 

^__ al/W ^^-| W V.^. (87) 

Multiplying both sides of (87) by <fi and using ir = <j> we have 

| ( ^ H _6 (W 3^, (88) 
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or, rearranging, 



*- 2/3 i#> = -f« 5/3 ' 



dV 5 / 3 _ 3 d 
dt ~ 2di 



(0 2 ) 2 / 3 . 



(89) 



So the end result is 



d(7T 4 / 3 ) 
(dl/ 5 /3) 



(90) 



If / = then the scalar field kinetic energy is fixed with respect to its 
potential energy, and must approach a numerical constant. Hence we would 
have 



where c and d are numerical constants of integration. V depends on (f>, which 
would mean that the potential energy would change with time as well, which 
is a contradiction. This means that we must have c = and the potential 
energy is fixed- therefore the scalar field is in an equilibrium configuration. 
So its constant kinetic energy must be zero. The end result is that in this 
regime the scalar field is in equilibrium. But if the spatial 3-metric is not 
singluar in this zero curvature regime (h % i = r -1 / 3 ^'), then it must be the 
case that the potential V has also decayed to zero. The Klein-Gordon field 
has dissipated away due to the expansion of the universe into its final state, 
labelled by the slow-roll paramter r. 



7 Conclusions and directions of future research 

We have illustrated a new method to construct the generalized Kodama 
state for the case of a Klein-Gordon scalar field coupled to quantum grav- 
ity from solution of the quantum constraints. We have shown this for the 
homogeneous and isotropic connection, illustrating the salient feature of the 
noncommutativity of functional with time integration. We have expressed 
the quantum state in terms of its arguments as defined on the final spatial 
hypersurface without regard to evolution within the interior of the spacetime 
manifold M, as argued applies to the full theory in [1]. 

An interesting relation between minisuperpsace and the full theory, be- 
sides the holographic effect that fixes the state to the final spatial boundary 
T,t, is the contribution of the matter sector of the wavefunction to the gravi- 
tational sector via the mixed partials consistency condition on the quantized 
theory. The contribution is the same in both cases, indicative of a gravity- 
matter interaction dictated by the SQC for the ^gkocL- Another relation 
is the existence of a basis of states labeled by an arbitrary function of the 




(91) 
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matter fields /, separable in minisuperspace but nonseparable in the full 
theory. 

In the case of the minisuperspace theory, we have performed some rudi- 
mentary analysis on some effects of nonperturbative quantum gravity on the 
semiclassical limit. Clearly, there are predictable effects which distinguish 
the coupled from the free (Minkowskian) theory, based entirely on the non- 
degeneracy of the Ashtekar magnetic field B l a . It would be interesting to 
examine, in future work, how these predictions scale relative to the (negligi- 
ble) predictions of perturbative quantum gravity in metric variables below 
the Planck scale. This would require a more comprehensive analysis than 
performed here, but would hopefully enable one to rule out various forms 
of the self-interaction potential V((f>) in favor of others. For example, in the 
case of the quadratic potential considered, it is clear that the orthonormal- 
ity of energy eigenstates is disturbed relative to the gravity-free theory, a 
significant effect. If such states are indeed orthogonal, then an input from 
quantum gravity by our method might point to the correct potential required 
to enforce this orthogonality. 

We have also shown, for the case of a homogeneous and isotropic CDJ 
matrix, a method to solve the constraints at the classical level (qo = 0) and 
have given a rudimentary analysis the semiclassical orbits of the resulting 
spacetime. This method, although it does not take account of quantum 
effects {q\ = q2 = 0), does provide some predictions which can be made 
at the semiclassical level for a WKB state. We hope to perform similar 
examinations in general in the future for the full theory. 

Some outstanding issues and possible future directions of research in- 
clude normalizability of the generalized Kodama states and expectation val- 
ues of operators, as well as reality conditions and the consideration of more 
general matter couplings, all in anisotropic minisuperspace models and in 
the full theory. 
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9 Appendix A: Roots of the cubic polynomial in 
closed form 



We illustrate in detail the well-known methods of Cardano and Ferrari 
for finding roots of a cubic polynomial, due to its reoccurence in the majority 
of the models that will come under consideration via our new method for 
constructing generalized Kodama states. Starting from 



detB 
deter 

we making the definitions 



V 7T 2 „ 1 

— = k; — = p; deta = -, (93) 



then we must solve 



(k + pxf + xdetB = p 3 x 3 + 3p 2 KX 2 + 3pK 2 x + k 3 + xdetB = (94) 
Dividing by p 3 and making the replacement x = y + r we have 

(V + r) 3 + 3(^) (y + r) 2 + 3(^) 2 (y + r) + (^) 3 + (y + r) (^) = 0. (95) 
Expanding this out we find the following equation 



detB 



k.3 /detB\ 



y 3 + 3(r + -)y 2 + 3(r + -) + — s- y + (r + -) + r = (96) 

/r L p y p^ J p y V p 6 / 

We choose r = —(n/p) so that the y 2 term in (96) drops out and we end up 
with the equation 



' det-B \ k 

3 )y- - 

p 3 ' p 

Making the definitions 



o /det.B\ k , , 
W +(^3-)y-74 deti? = (97) 



det-B k , _ 

P = —3-, 9 = -detB (98) 
P J P 

we obtain the equation 

y 3 +py = q (99) 

making the substitution 
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we transform this into 



/4p\V2 

y={ Y ) m 



(100) 



o 3 /4p\-3/2 /4detB\-3/2/ K \ 

m + J-» = <f ) = (^jr) ( 7 de« B ) 

= (2) 3/2 (de t -^ B )^ 



= (i) oV i diir = 32 l '<*>Vdits (102) 

We are being thorough with the terms so as not to lose any appropriate 
constants. We end up with 



1B » + | 1B -iv W ^ (103) 



Using the trigonometric identity 



sinh 3 * + IsinM = (104) 
4 4 



we can make the identification 



sinh(3(9) 



Recalling 



m = sinh# = sinh 



(l^sinh-^iy^) 



7r 2 y 

detBA 
(105) 



y 



-4p\V 



3 

we have 



/4m /4detS\i/2 / 4dctB \ 1/2 



det5\i/2 
(106) 



, /det 
m = li s ( — — i in 



detS\V2 



sinh 



(l/3)sinh I -F 



1 



7T" 



(107) 



,4 ' V detB, 

A quick review of the mass dimensions of all quantities indicates that the 
formula is dimensionally consistent 



[V] = 2, [it 2 ] = 2, [detB] = 6 



(108) 
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since the energy momentum tensor has two mass dimensions due to multipli- 
cation by G in Einstein's equations, and the curvature has mass dimension 
two (being the derivative of a 'vector' field of mass dimension one. Recalling 
the original equation 



K + pX 



(109) 



and that 



y 



k + px = py 



TT 

12 



V = A e// = —^[(lm^nh-^VX)] , 

(110) 



where A e ff is the 'effective' cosmological constant, which is now field- dependent 
due to the effects of matter, and X is given by (here we will take into account 
the proper regimes arising from the cubic equation, but for the purposes of 
future publications we will normally refer to the first one involving the sinh 
function) 



X 



1/ TT 2 \l/2 



( — ) 

8 VdetB/ 



(111) 



A eff [X] = ^sinhfU/^sinh- 1 ^)], ^ > 
^cosh[(l/3)cosh- 1 (^)], < 0, X>1 

--^cosh[(l/3)cosh- 1 (yX)], < 0, X<-1 



1 cos[(l/3)cos- 1 (yX)], ^-<0, 



2X 



X 



< 1 



(112) 



These possibilities take into account, for the various combinations of 
det-B and f2, whether the state falls into the Lorentzian (oscillatory) or into 
the Euclidean (tunelling) regions. In any event, A e ff[X] appears to be a 
slowly varying function of X. Using sinh(x) ~ x for small x and sinh(x) ~ 
\e x for large x we can see the dependence of A e ff in these parameter regimes. 



lim Aeff(X) = -V 



lim A eff {X) = V 1 /\2X)-^ (113) 

X—>oo 
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